
Dozen definitions of the Nijenhuis tensor NJ ∈ Λ2T ∗M ⊗ TM
of an almost complex structure J ∈ T ∗M ⊗ TM .

This tensor is an obstruction for an almost complex structure
to origin from the complex structure.

1. NJ(X, Y ) = [JX, JY ]−J [JX, Y ]−J [X, JY ]− [X, Y ], X, Y ∈ TM , where
the right hand side is calculated for arbitrary vector fields X, Y with the
given values Xa, Ya ∈ TaM at the point a ∈ M . In coordinates it has the
formula [NN], [NW]: N i
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2. J-antilinear by each argument part of the torsion of any almost complex
connection ∇ (i.e. such a connection that ∇J = 0) NJ = 4T−−∇ . In other
words, NJ(X, Y ) = T∇(X, Y )+JT∇(JX, Y )+JT∇(X, JY )−T∇(JX, JY ).
There are connections ∇ called minimal such that NJ = 4T∇. [Li].

3. Nijenhuis-Frölicher bracket (differential concomitant) NJ = |[J, J ]| of the
vector valued 1-form J with itself. [FN].

4. Let ∂̄ : C∞(Λp,qT ∗M) → C∞(Λp,q+1T ∗M) be the component of the de
Rham differential. The Nijenhuis tensor is the only obstruction for the
Dolbeault sequence to be a complex [Hö]:

. . .
∂̄−→ C∞(Λp,qT ∗M) ∂̄−→ C∞(Λp,q+1T ∗M) ∂̄−→ . . .

5. Structure function of the first order CG for the G-structure with G =
GLC(n) associated with the almost complex structure J . [St].

6. Weyl tensor W1(EG) ∈ H0,2(EG) of the homogeneous PDE (geometrical
structure) modeled on the affine complex space Cn; the group H0,2(EG)
is the second Spencer cohomology group. [KL].

7. NJ(X, Y ) = (∇XJ)(JY )−(∇Y J)(JX)+(∇JXJ)(Y )−(∇JY J)(X), where
∇ is any symmetric connection on M . [K1].

8. Let g be a compatible metric, i.e. Ω(X, Y ) = g(X, JY ) is a 2-form. Then
the Nijenhuis tensor can be found from the following formula, where ∇ is
the Levi-Civita connection of g (hence symmetric, see 7) [KN]:
g(NJ(X, Y ), Z) = 3dΩ(JX, JY, JZ)− 3dΩ(X, Y, JZ)− 2g((∇JZJ)X, Y ).

9. Let Θ(X, Y ) = Ω(JX, Y ) be 2-form (not metric as in 8). Then we
can define the tensor by the formula Θ(NJ(X, Y ), Z) = dΘ(X, Y, Z) −
dΘ(JX, JY, Z). In the case when dim M = 4 we can divide dΘ = Ω∧α and
NJ(X, Y ) = α(JY )X − α(JX)Y + α(Y )JX − α(X)JY − 2Ω(X, Y )JXα,
where Θ(Xα, Z) = α(Z). [K2]

10. The second generator of the invariant tensor algebra 〈J,NJ〉 describing
the image of the projection π2,1 : J2

PH(M,M) → J1
PH(M,M) of pseudo-

holomorphic jets. [K1].
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11. The real part of the curvature of the distribution D generated by the
projector of the complexified space P = J+i : T CM → T CM ; D = Im(P ).
Hence NJ ∈ Λ2,0(T CM)∗ ⊗ T C

0,1M . [KN], [Ko].

12. The homomorphism d2,−1
0 : J1 → Λ2(D∗J) for non-holonomic filtration

of the projective module determined by the module J1. In the almost
complex case J1 = Λ1,0(T CM)∗. [LR].

B.K.
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