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© Symmetry & various geometric realizations of G
@ New models: Exceptionally simple PDE

© Geometry underlying the new models
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Continuous symmetry

@ 1880’s: Sophus Lie pioneered the study of “continuous
transformation groups” in the context of
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Continuous symmetry

@ 1880’s: Sophus Lie pioneered the study of “continuous
transformation groups” in the context of

@ ~~ Lie group: group 4+ manifold

@ ~~ Lie algebra: vector space g with a skew, bilinear [-, -] s.t.
[a,[b,c]] + [b,[c,a]] + [c,[a,b]] =0, Va,b,ceg.
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Complex simple Lie algebras

Simple Lie algebras: classified by ,

Dennis The Exceptionally simple PDE 6/26



Complex simple Lie algebras

Simple Lie algebras: classified by ,

Ap =5slp1(C), By =s09:1(C),

o Classical: C = spy(C), Dy = 502(C).
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dim | 14 52 78 133 248

o Classical:

@ Exceptional:

This is a beautiful piece of mathematics and is well-known. It is
often presented with the aid of ,e.g. O0—o0

This is an abstract classification result. What about geometric
realizations of g, i.e. as symmetries of some structure?
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Complex simple Lie algebras

Simple Lie algebras: classified by ,
Ap=5slp1(C),  Br = 502041(C),
Co =5pp(C), Dy =502(C).

g |G R E E  E
dim | 14 52 78 133 248

o Classical:

@ Exceptional:

This is a beautiful piece of mathematics and is well-known. It is
often presented with the aid of ,e.g. O0—o0

This is an abstract classification result. What about geometric
realizations of g, i.e. as symmetries of some structure?

: Easy. What about the exceptionals?
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Generic 3-forms and G,

GL7(C) acts with an open orbit on 3-forms on C’.
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Generic 3-forms and G,

GL7(C) acts with an open orbit on 3-forms on C’.
Note: dim(GL7(C)) = 49 and dim(A®C7) = 35.

: ‘ G, = stabilizer in GL; of a generic 3-form gf).‘

Given a basis {e;}/_; and dual basis {e'}/_;, can take:

¢ _ el47 + 6257 + e367 + 6123 _ e156 + 6246 _ e345

9

where elk = e/ A &/ A €.
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Generic 3-forms and G,

GL7(C) acts with an open orbit on 3-forms on C’.

Note: dim(GL7(C)) = 49 and dim(A*C7) = 35

: ‘ G, = stabilizer in GL; of a generic 3-form gf).‘

Given a basis {e;}/_; and dual basis {e'}/_;, can take:

123 156 | 246 _ 345

¢ 147 + 6257 + e367 +e 3%,

where elk = e/ A &/ A €.

(Over R, 3 2 open orbits. Get the cpt and split real forms of G.)
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Division algebras and G,

The real (normed) division algebras are R, C, H, O.
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The real (normed) division algebras are R, C, H, O.

H = spang{1,i,j, k} is associative / with relations

O = spang{1, i1, ..., iz} is a non-associative / algebra.

: | G = Aut(0). | (Compact form here.)

On V = Jm(0), have a 7-dim cross-product

x xy=xy+{xyl

We have the generic 3-form ¢(x, y,z) = {(x X y, z).
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Division algebras and G,

The real (normed) division algebras are R, C, H, O.

H = spang{1,i,j, k} is associative / with relations

O = spang{1, i1, ..., iz} is a non-associative / algebra.

: | G = Aut(0). | (Compact form here.)

On V = Jm(0), have a 7-dim cross-product

x xy=xy+{xyl
We have the generic 3-form ¢(x, y,z) = {(x X y, z).

(Split form of G, arises from automorphisms of split-octonions.)
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Rolling distributions and G,

Consider one ball rolling on another without twisting or slipping.
o Configuration space M is 5-dimensional.

@ No twisting or slipping = constraints on velocity space TM.
Get rank 2 distribution D < TM of allowable directions.
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Consider one ball rolling on another without twisting or slipping.
o Configuration space M is 5-dimensional.

@ No twisting or slipping = constraints on velocity space TM.
Get rank 2 distribution D < TM of allowable directions.

\ Let p > 1 be the ratio of the radii.

If p#1, get
@ p # 3: SO(3) x SO(3) symmetry
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Rolling distributions and G,

Consider one ball rolling on another without twisting or slipping.
o Configuration space M is 5-dimensional.

@ No twisting or slipping = constraints on velocity space TM.
Get rank 2 distribution D < TM of allowable directions.

\ Let p > 1 be the ratio of the radii.

If p#1, get )
@ p # 3: SO(3) x SO(3) symmetry
e p = 3: (split) g2 symmetry
(Bryant, Zelenko, Bor-Montgomery,
Baez-Huerta)

Dennis The Exceptionally simple PDE 9/26



The hunt for a Gy-snake
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fixed lengths (a, b, c).
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o Consider a tri-segment snake with
fixed lengths (a, b, c).

@ Put wheels at ends 7, 13, and on
middle bar at 7:= (1 — s)r + si3.

@ 5-dim configuration space M.
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middle bar at 7:= (1 — s)r + si3.

@ 5-dim configuration space M.

e Have (2,3,5) “snake distribution” coming from
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The hunt for a Gy-snake

Nurowski (2014):

o Consider a tri-segment snake with
fixed lengths (a, b, c).

@ Put wheels at ends 7, 13, and on
middle bar at 7:= (1 — s)r + si3.

@ 5-dim configuration space M.

e Have (2,3,5) “snake distribution” coming from
non-holonomic constraints:

di||(n—r), drii(n—r), dal|l(s—1).

Q: 37 (a, b, ¢, s) s.t. the snake distribution has gp-symmetry?

(He doubts it: “A Gy-snake may be as mythical as a unicorn or yeti.”)
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(2,3,5) from the G, root diagram

G2/P1

o
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Cartan & Engel (1893): Structures with G, symmetry

] Dim \ Geometric structure \ Model ‘
- Parabolic Goursat | 9(uxx)? + 12(uyy )% (Usxtlyy — (Uxy)?)
PDE F +32(uxy)3 — 36Uy Uyy Uiy, = 0
6 In\(/)c;IL;tB/E Zaw oo = 3ty )%, ey = 5(uyy)?
dU — PdX,
dP — QdX,

5 (2,3,5)-distrib. £ 47 — Q2dX

(a.k.a. Hilbert—Cartan: Z’ = (U")?)

G,-contact structure dz +xdy1 — y1dx1 + xedyz — yadxe = 0,
dx3 + v/3dyrdy, = 0,

5 (conta.ct FW|sted dxodys — 3dxadys = 0,
cubic field) dy? ++/3dxidx, = 0
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Exceptionally simple PDE
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Other geometric realizations?

. Explicitly generalize the Cartan—Engel models to other g.
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Other geometric realizations?

. Explicitly generalize the Cartan—Engel models to other g.

This seems like an absolutely ridiculous question, e.g. for Eg?!

. In a single sentence, he refers to Eg acting on a
57-dim space, i.e. adjoint variety Eg/Pg — P(Eg) (Non-explicit).

: Generalized Cartan's reduction thms (1910,
1911). (PDE are non-explicit).
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Jordan algebras

W : complex Jordan algebra with a distinguished @ € S3W*.
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Jordan algebras

W : complex Jordan algebra with a distinguished @ € S3W*.
o Let A be R, Cc,Hg, Oc, or 0, and

Al VIow
WZJ:J,(A) = vi A w3):vieA, N\ eC
V2 V3 A3

Here, €(t3) = €(t, t, t) := det(t).
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Jordan algebras

W : complex Jordan algebra with a distinguished @ € S3W*.
o Let A be R, Cc,Hg, Oc, or 0, and

Al VIow
WZJ:J,(A) = vi A w3):vieA, N\ eC
V2 V3 A3

Here, €(t3) = €(t, t, t) := det(t).

o W =C with ¢(£3) = £.

e Given (C™,(-,-)), let W = JS,, = C" @ C (“spin factor”).
Given t = (v, \), we have €(t3) := (v, V).
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Jordan algebras

W : complex Jordan algebra with a distinguished @ € S3W*.
o Let A be R, Cc,Hg, Oc, or 0, and

Al VIow
WZJ:J,(A) = vi A w3):vieA, N\ eC
V2 V3 A3

Here, €(t3) = €(t, t, t) := det(t).

o W =C with ¢(£3) = £.

e Given (C™,(-,-)), let W = JS,, = C" @ C (“spin factor”).
Given t = (v, \), we have €(t3) := (v, V).

algebra
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Exceptionally simple (complex) PDE

Let n— 1 :=dim(W). Basis {w,} on W, dual basis {w?} on W*.
Let {x'}7~; lin.coords on C ® W.
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Exceptionally simple (complex) PDE

Let n— 1 :=dim(W). Basis {w,} on W, dual basis {w?} on W*.
Let {x'}"=3 lin.coords on C@® W. Param. submfld of J2(C", C):

£ (u) = < Uoo Uob ) _ ( e(t®)  3¢,(t?) )7 re W,

Ua0 Uap %Q:a(t2) 3Q:ab(t)
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Exceptionally simple (complex) PDE

Let n— 1 :=dim(W). Basis {w,} on W, dual basis {w?} on W*.
Let {x'}"=3 lin.coords on C@® W. Param. submfld of J2(C", C):

£ (u) = < Uoo Uob ) _ ( e(t®)  3¢,(t?) )7 re W,

Ua0 Uap %¢a<t2) 3Q:ab(t)

Theorem (T. 2017, symmetries of &)

Soe— Soi—
W 725 | e 2s | |50 m )| g(co)| g | 7 0c)
n 20 -3 20—4 | 2| 4 7 10 16 28
sym (8 ) B 0 Dz G2 D4 F4 E6 E7 Eg
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Exceptionally simple (complex) PDE

Let n— 1 :=dim(W). Basis {w,} on W, dual basis {w?} on W*.
Let {x'}"=3 lin.coords on C@® W. Param. submfld of J2(C", C):

& (Uij)—<

Upo Uop
Ua0 Uap

)=

et 3¢,(t?)
30,(12) §e:fb<t>>’ e

Theorem (T. 2017,

symmetries of &)

Soe— Soi—
W 725 | e 2s | |50 m )| g(co)| g | 7 0c)
n 20 -3 20—4 | 2| 4 7 10 16 28
sym (8 ) B 0 Dz G2 D4 F4 E6 E7 Eg

Theorem (Degenerate cases)

n: point sym = A,y1. (NOTE:

@ u;=0,1</,j<

@ uj =0, 1<1i,j,k <n: contact sym = Cpy1.
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Other exceptionally simple models

= {[V(\,

t)]:

[\, t] e P(C W)} < P(C), where

V(A t) = A3Xo — \2t°X,
with X; = 0,i + uj0y,

— 3¢(3)U0 —
u'=a,.

3NE,(t2)U?,

7(V) = {Q = 0} < P(C), where
Q = (wW'6;)%2+205¢(023) —2uw0¢*(03) —9¢,(Q?)(¢*)2(02?),
with w' = dx’, 0; = duj, Q=w? @ w,, © =60, w?.
E: Zy=3C,(T?), U =3C(T) (TeW).
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Envelopes

Consider the family of inhom. linear PDE param. by t € W:

My = ugo — 2t7uz0 + t7tPuy, — €(£3) = 0 (*)
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Envelopes

Consider the family of inhom. linear PDE param. by t € W:

My = ugo — 2t7uz0 + t7tPuy, — €(£3) = 0 (*)

e first-order envelope: {M; =0, 0;aM; = 0} yields F.

@ 2nd-order envelope: {M; =0, 0ta My = 0, 0ra0pp M = 0}
yields &.

NOTE: (*) generalizes the classical “Goursat parametrization”.
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Geometry behind the new models
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What is a 2nd order PDE?

Global \ Local
Contact mfld (x', u,uj), 0 := du — ujdx’
(M?nt1.C) C = {0 =0} = span{0, + u;0y, Oy, }
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What is a 2nd order PDE?

Global \ Local
Contact mfld (x', u, ui), 0 1= du — ujdx’
(M2n+1 C) C = {o =0} = span{d,i + uj0y, 0y}
C is a field of conformal dolc = dx' A dujlc = <_O/ (l)>
symplectic spaces O + Uidy, 0y is @ CS-basis
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Contact mfld (x', u, ui), 0 1= du — ujdx’
(M2n+1 C) C = {o =0} = span{d,i + uj0y, 0y}
C is a field of conformal dolc = dx' A dujlc = <_O/ (l)>

lecti . .
Symplectic spaces Oxi + Uj0y, 0y, is a CS-basis

Legendrian subspace

atme M span{0yi + uidy + ujoy,} ( )
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What is a 2nd order PDE?

Global Local
Contact mfld (x', u,uj), 0 := du — ujdx’
(M2n+1.C) C = {0 =0} = span{0, + u;0y, Oy, }

C is a field of conformal
symplectic spaces

; (0
dolc = dx' A dujlc = <—I O>
Oxi + Uj0y, 0y, is a CS-basis

Legendrian subspace
atme M

span{0yi + uidy + ujoy,} ( )

Lagrange—Grassmann
bundle (MM (1))

(X', u, uj, uj;)
CY) = span{d, + uidy + uydy;, du;}
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What is a 2nd order PDE?

Global Local
Contact mfld (x', u,uj), 0 := du — ujdx’
(M2n+1.C) C = {0 =0} = span{0, + u;0y, Oy, }

C is a field of conformal
symplectic spaces

; (0
dolc = dx' A dujlc = <—I O>
Oxi + Uj0y, 0y, is a CS-basis

Legendrian subspace
atme M

span{0yi + uidy + ujoy,} ( )

Lagrange—Grassmann
bundle (MM (1))

(X', u, uj, uj;)
CY) = span{d, + uidy + uydy;, du;}

A 2nd order PDE ¥ is a submanifold of M1 A contact sym is a
sym of (M) (D) that preserves X.
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What is a 2nd order PDE?

Global \ Local
Contact mfld (x', u, ui), 0 1= du — ujdx’
(M2n+1 C) C = {o =0} = span{d,i + uj0y, 0y}
C is a field of conformal dolc = dx' A dujlc = <_O/ (l)>

lecti . .
Symplectic spaces Oxi + Uj0y, 0y, is a CS-basis

Legendrian subspace

atme M span{0yi + uidy + ujoy,} ( )
Lagrange—Grassmann (X7, u, ur, ug)
bundle (M®), c)) CY) = span{d, + uidy + uydy;, du;}

A 2nd order PDE ¥ is a submanifold of M1 A contact sym is a
sym of (M) (D) that preserves X.

IDEA:
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Twisted cubic V < P(V)
Let V = {[v3] : [v] e P!}, V := S3C?, and [n] CS-form on V:

1
77(f, g) = a(fxxxgyyy - 3fxxygyyx + 3f;<yygyxx - fyyygxxx)a

[n] is GLp-invariant, and dim(LG(V)) = 3.
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Let V = {[v3] : [v] e P!}, V := S3C?, and [n] CS-form on V:

1
77(f, g) = a(fxxxgyyy - 3fxxygyyx + 3f;<yygyxx - fyyygxxx)a

[n] is GLp-invariant, and dim(LG(V)) = 3.

Example (Osculating filtration: differentiate (t) = (x + ty)3)

¢ = T < TP < T¥v-v
&3 3,y 3, %%y, xy?)
Legendrian!
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Twisted cubic V < P(V)
Let V = {[v3] : [v] e P!}, V := S3C?, and [n] CS-form on V:

1
77(f, g) = a(fxxxgyyy - 3fxxygyyx + 3f;<yygyxx - fyyygxxx)a

[n] is GLp-invariant, and dim(LG(V)) = 3.

Example (Osculating filtration: differentiate (t) = (x + ty)3)

¢ = T < TP < T¥v-v
&3 3,y 3, %%y, xy?)
Legendrian!

Wrt CS-basis, i.e. n = (—?dQ i<(1)2>, have

Wrt CS-basis (x3, —3x?y, —6y3, —6xy?),
3 12
3 3t
ty)=(1,—t,——,—— ).
(x + ty) ( = 2)
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Canonical objects associated to the twisted cubic

o V= {ng leVic . differentiate & row reduce:

(1,—t,—§2,—§) [t o 2
0,-1,-%5,—1t) 01 t

N tow| Lo
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Canonical objects associated to the twisted cubic

o V= {ng leVic . differentiate & row reduce:
(L-t,-5-5) | (10 2
0,-1,—-%, —t) 0 1 t

2
Cl1 C12
A —
Cl2 22

N tow| Lo

i) (curve in LG(V)).

N‘”ww‘”w
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Canonical objects associated to the twisted cubic

o V:={TV:leV}c

3 12

L-t,-%-%5) ( (10
0,-1,—-%, —t) 01

ar c2\ (%
> = t2
Cl2 €22 £

¢ < E}  (surface in LG(V)).

of/:=U{E€

ey

: differentiate & row reduce:

2
2
t

N tow| Lo

3

~ N"",\,

> (curve in LG(V)).
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Canonical objects associated to the twisted cubic

o V= {ng leVic . differentiate & row reduce:

(1,—t,—§2,—§) [t o 2
0,-1,-%5,—1t) 01 t

N tow| Lo

Ci2 2

°o V= U{Ee ¢ c E}  (surface in LG(V)).
ey

o 7(V) = Uy P(T,V) = {Q =0} , Where

[Q] € P(S*V*) (discriminant).
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Canonical objects associated to the twisted cubic

= {TgV teVic . differentiate & row reduce:

(1,—t,— fg -5 | (10
0,-1,—-%, —t) 01

N o Lo
~ N
~_—

S 2
s <C11 612) = (32 2 > (curve in LG(V)).
Cl2 2 St
°o V= U{E € ¢ < E}  (surface in LG(V)).
ey
T(V) = Upey P(T¢V) = {Q = 0} , where

[Q] € P(S*V*) (discriminant).

These all inherit Gg =~ GL> invariance from V.
(and go < csp, is a maximal subalgebra.)
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Sub-adjoint varieties
For any complex simple G I:' the adjoint variety

G/P—P(g)isa
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Sub-adjoint varieties
For any complex simple G I:' the adjoint variety

G/P—P(g)isa
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Sub-adjoint varieties
For any complex simple G I:' the adjoint variety

G/P—P(g)isa
~+ sub-adjoint variety: Gp-inv V < P(V) (Legendrian!)

3

==X ~» O

G/P Gy°/Q V< P(V)
Bi/P, A1/P1x By_5/P1  Seg(P' x Q*7?)
Dg/PQ A1/P1 X Dg_Q/Pl Seg(]Pl X Q2£_6)

D4/ P> (A1/P1)? Seg(P' x P* x P')
Fa/P1 G/P;3 LG(3,6)
Es/P> As/Ps3 Gr(3,6)
E7/P1 D6/P6 Deg-spinor variety
Es/Pg E7/P; Freudenthal variety
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Sub-adjoint varieties
For any complex simple G I:' the adjoint variety

G/P—P(g)isa
~+ sub-adjoint variety: Gp-inv V < P(V) (Legendrian!)

C$< ~ g

G/P Gy°/Q V< P(V)
Bg/PQ A1/P1 X Bg,Q/Pl Seg(IF’l X 02275)
Dy/P> A1/Py x Dy_p/Py  Seg(P! x Q%~9)
D4/ P> (A1/P1)? Seg(P' x P* x P')
Fa/P1 G/P;3 LG(3,6)
E6/P2 A5/P3 GI‘(3,6)
E7/P1 D6/P6 Deg-spinor variety
Es/Pg E7/P; Freudenthal variety

Type: V =P~ 1P ! (reducible); TypeC: V = P(V) (not proper).
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G-contact structures

Let G/P — P(g), 2n+ 1 = dim(G/P), Gy < P the reductive part.
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G-contact structures

Let G/P — P(g), 2n+ 1 = dim(G/P), Gy < P the reductive part.
Definition (G # Ay, G)

A G-contact structure is a contact mfld (M?"+1,C) with any of:
@ a field of sub-adjoint varieties V < P(C);
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Definition (G # Ay, G)

A G-contact structure is a contact mfld (M?"+1,C) with any of:
@ a field of sub-adjoint varieties V < P(C);
o a field c LG(C) = MO,
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Definition (G # Ay, G)

A G-contact structure is a contact mfld (M?"+1,C) with any of:
@ a field of sub-adjoint varieties V < P(C);
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o a field c LG(C) = MW);

Dennis The Exceptionally simple PDE 24/26



G-contact structures

Let G/P — P(g), 2n+ 1 = dim(G/P), Gy < P the reductive part.

Definition (G # Ay, G)
A G-contact structure is a contact mfld (M?"+1,C) with any of:
@ a field of sub-adjoint varieties V < P(C);
o a field c LG(C) = MO,
o a field c LG(C) = MW);
e a field 7(V) < P(C).
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G-contact structures

Let G/P — P(g), 2n+ 1 = dim(G/P), Gy < P the reductive part.

Definition (G # Ay, G)
A G-contact structure is a contact mfld (M?"+1,C) with any of:
@ a field of sub-adjoint varieties V < P(C);
o a field c LG(C) = MO,
o a field c LG(C) = MW);
e a field 7(V) < P(C).
(Get str grp reductions Gg — CSpy,. .. same sym alg! )/
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Let G/P — P(g), 2n+ 1 = dim(G/P), Gy < P the reductive part.

Definition (G # Ay, G)

A G-contact structure is a contact mfld (M?"+1,C) with any of:
@ a field of sub-adjoint varieties V < P(C);
o a field c LG(C) = MO,
o a field c LG(C) = MW);
e a field 7(V) < P(C).
(Get str grp reductions Gg — CSpy,. .. same sym alg! )/
° = dim(sym) < dim(g).
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G-contact structures

Let G/P — P(g), 2n+ 1 = dim(G/P), Gy < P the reductive part.

Definition (G # Ay, G)

A G-contact structure is a contact mfld (M?"+1,C) with any of:
@ a field of sub-adjoint varieties V < P(C);
o a field c LG(C) = MO,
o a field c LG(C) = MW);
e a field 7(V) < P(C).
(Get str grp reductions Gg — CSpy,. .. same sym alg! )/
° = dim(sym) < dim(g).

@ Have unique max sym model: flat model, has sym g.
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G-contact structures

Let G/P — P(g), 2n+ 1 = dim(G/P), Gy < P the reductive part.

Definition (G # Ay, G)

A G-contact structure is a contact mfld (M?"+1,C) with any of:
@ a field of sub-adjoint varieties V < P(C);
o a field c LG(C) = MO,
o a field c LG(C) = MW);
e a field 7(V) < P(C).
(Get str grp reductions Gg — CSpy,. .. same sym alg! )/
° = dim(sym) < dim(g).

@ Have unique max sym model: flat model, has sym g.

e Can efficiently compute syms of £, F by using V instead. (In
the flat cases, can do this uniformly and by-hand!)
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Where does € come from?

A1 Ao C3 F4 | Hyperplane section of Severi
o Ay Ay x Ay As Eg Severi varieties
f=05| G As D¢ E7 Sub-adjoint varieties
g F4 Es E; Eg Adjoint varieties
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Sub-adjoint variety V = F/Q < P(V):
e Osculating filtration at £ = V0 c V" 1c V2 cVv3=V.
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Where does € come from?

A1 Ao C3 F4 | Hyperplane section of Severi
o Ay Ay x Ay As Eg Severi varieties
f=05| G As D¢ E7 Sub-adjoint varieties
g F4 Es E; Eg Adjoint varieties

Sub-adjoint variety V = F/Q < P(V):
e Osculating filtration at £ = V0 c V" 1c V2 cVv3=V.
o Landsberg-Manivel (2001): Associated graded has a
°-graded algebra structure. Get:

V >~ Vo(—DV_l(—DV_Q(—DV_:),EC(—BW(—DW*(—DC

where W = Jordan alg with (fg°-inv)
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Where does € come from?

A1 Ao C3 F4 | Hyperplane section of Severi
o Ay Ay x Ay As Eg Severi varieties
f=05| G As D¢ E7 Sub-adjoint varieties
g F4 Es E; Eg Adjoint varieties

Sub-adjoint variety V = F/Q < P(V):
e Osculating filtration at £ = V0 c V" 1c V2 cVv3=V.
o Landsberg-Manivel (2001): Associated graded has a
°-graded algebra structure. Get:
V >~ Vo(—DV_l(—DV_Q(—BV_3 EC(—B W(—D W*(—DC

where W = Jordan alg with (fg°-inv)

From L.-M., 3CS-basis adapted to V =CO W @ C P W* s.t.
3 2
V < B(V) is given by [\, t7] — [)\3, —2pe, ) —%] .
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@ Can now F4, Ee, E7, Eg as the contact symmetries of
, i.e. manifestations of G-contact structures.
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@ Uniform descriptions via a cubic form on a Jordan algebra.
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@ Can now F4, Ee, E7, Eg as the contact symmetries of
, i.e. manifestations of G-contact structures.

@ Uniform descriptions via a cubic form on a Jordan algebra.

@ Moral of the story: Sometimes, complicated questions have
exceptionally simple answers.
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